We give an affirmative answer to the question whether a residually finite Engel group satisfying an identity is locally nilpotent. More generally, for a residually finite group G with an identity, we prove that the set of right Engel elements of G is contained in the Hirsch-Plotkin radical of G. Given an arbitrary word w, we also show that the class of all groups G in which the w-values are right n-Engel and w(G) is locally nilpotent is a variety.
Introduction
Let G be a group. An element x ∈ G is called a right Engel element if for any g ∈ G there exists a positive integer n = n(x, g) such that [x, n g] = 1, where the commutator [x, n g] is defined inductively by the rules Similarly, x is a left Engel element if the variable g appears on the left. If n can be chosen independently of g, then x is a right or left n-Engel element, respectively. A group G is called an Engel group (or n-Engel, resp.) if its elements are both left and right Engel (or n-Engel, resp.). A theorem of Wilson states that a residually finite n-Engel group is locally nilpotent [13] . On the other hand, the famous example of Golod shows that a residually finite Engel group is not in general locally nilpotent (see [8] ).
Let w = w(x 1 , . . . , x d ) be a nonempty word in the free group generated by x 1 , . . . , x d . For a group G, we denote by w(G) the verbal subgroup of G corresponding to w, that is, the subgroup generated by the set {w(g 1 , . . . , g d ) | g i ∈ G} of all w-values in G. Also, we say that G satisfies the identity w ≡ 1 if w(g 1 , . . . , g d ) = 1 for all g 1 , . . . , g d ∈ G. The class of all groups satisfying the identity w ≡ 1 is called the variety determined by w. By a well-known theorem of Birkhoff, varieties are precisely classes of groups closed with respect to taking subgroups, quotients and Cartesian products of their members.
The main purpose of this paper is to prove the following theorem which confirms Conjecture 1.1 of [1] .
Theorem A. Let G be a residually finite group satisfying an identity. Then the set of right Engel elements of G is contained in the Hirsch-Plotkin radical of G. In particular, if G is an Engel group, then G is locally nilpotent.
Recall that the Hirsch-Plotkin radical of G is the unique maximal normal locally nilpotent subgroup containing all normal locally nilpotent subgroups of G (see [8, 12.1.3] ). The proof of Theorem A is based on Lie-theoretic techniques created by Zelmanov in his solution of the restricted Burnside problem. Other results in the same spirit were obtained in [2, 11] (see also [10] ) for left Engel elements.
An interesting application of Theorem A is the next result concerning varieties of groups with an Engel identity.
Theorem B. Let n be a positive integer and w an arbitrary word. Then the class of all groups in which the w-values are right n-Engel and w(G) is locally nilpotent is a variety.
Theorem B may be compared to [12, Theorem A] , where the same authors proved that, for a multilinear commutator word w, the class of all groups G in which the w-values are left n-Engel and w(G) is locally nilpotent is a variety.
About Lie algebras with an identity
In this section we collect some definitions and results on Lie algebras satisfying an identity.
Let L be a Lie algebra over a field and let a, b 1 , . . . , b n be elements of L. We use the left normed convention for Lie brackets, that is,
An element b ∈ L is called ad-nilpotent if there exists a positive integer n such that [a, n b] = 0 for all a ∈ L. If n is the least integer with this property, then b is ad-nilpotent of index n. Following [17] , we say that a subset X of L is a Lie set if [a, b] ∈ X for any a, b ∈ X. We denote by S X the Lie set generated by X, namely the smallest Lie set containing X.
Let F be the free Lie algebra over the same field as L on the generators
As we will see in Section 3, Theorem A depends crucially on the following result of Zelmanov ([17, Theorem 1.1]; see also [15, 16] ).
Theorem 2.1. Let L be a Lie algebra satisfying a polynomial identity and generated by elements a 1 , . . . , a m . If every element b ∈ S a 1 , . . . , a m is adnilpotent, then L is nilpotent.
Using [7, Lemma 5] we deduce the following corollary.
Corollary 2.2. For p a prime, let L be a Lie algebra over the field with p elements satisfying a polynomial identity. Suppose that L is generated by elements a 1 , . . . , a m such that [a i , p k b] = 0, for some k ≥ 1 and any b ∈ S a 1 , . . . , a m . Then L is nilpotent.
Proof. By [7, Lemma 5] , every element b ∈ S a 1 , . . . , a m is ad-nilpotent of index at most p k . Hence, the claim is an immediate consequence of Theorem 2.1.
Let p be a prime and G a group. We write L p (G) for the Lie algebra associated with the Zassenhaus-Jennings-Lazard series
The next result is a valuable criterion for L p (G) to satisfy a polynomial identity (see [14, Theorem 1] ). Theorem 2.3. Let G be a group satisfying an identity. Then, for any prime p, the Lie algebra L p (G) satisfies a polynomial identity.
Proof of Theorem A
Let p be a prime. A p-congruence system in a group G is a descending chain
(ii) N 1 /N i is a finite p-group for all i > 1, and
The p-congruence system is called of finite rank if there exists a positive integer r such that the rank of N 1 /N i is at most r, for all i. Recall that the rank of a finite p-group P is defined to be the least upper bound of the set {d(H) | H ≤ P }, where d(H) is the minimal number of generators for H. According to a theorem of Lubotzky (see [3, Theorem B6]), any finitely generated group with a p-congruence system of finite rank is linear.
We say that a group G is residually-p if it is residually a finite p-group, that is, for every nontrivial element x ∈ G there exists a normal subgroup N of G such that x / ∈ N and G/N is a finite p-group. The following lemma is well-known. For the reader's convenience we provide a proof.
Lemma 3.1. Let G be a finitely generated residually-p group. If L(G) is nilpotent, then G is linear.
Proof. Suppose that G is generated by m elements and L(G) is nilpotent of class c. Let Q be a finite homomorphic image of p-power order of G. Obviously, Q can be generated with m elements and L(Q) is nilpotent of class at most c. By [5, Proposition 1], the group Q has a powerful characteristic subgroup of bounded index depending only on c, m and p. It follows that the rank of Q is bounded by a function of c, m and p (see [3, Theorem 2.9] ). Since this happens for each finite homomorphic image of p-power order of G, we conclude that G has a p-congruence system of finite rank. Thus G is linear by [3, Theorem B6] .
Notice that in a linear group the set of right (or left) Engel elements is contained in the Hirsch-Plotkin radical of G (see [4, Theorem 0] ). This leads to an easy but important corollary of Lemma 3.1.
Corollary 3.2. Let G be a residually-p group generated by finitely many right (or left) Engel elements. If L(G) is nilpotent, then G is nilpotent.
We now deduce the following sufficient condition for nilpotency of a group. Proposition 3.3. Let G be a residually-p group such that L p (G) satisfies a polynomial identity. Suppose that G is generated by finitely many right Engel elements. Then G is nilpotent.
Proof. Let {x 1 , . . . , x m } be a finite set of right Engel elements which generate G. For any x i , denote by a i the element x i D 2 ∈ L(G). Of course L(G) satisfies the same polynomial identity as L p (G), and it is generated by a 1 , . . . , a m . Take any b ∈ S a 1 , . . . , a m and let g be the group-commutator in x i having the same system of brackets as b. Since each x i is a right Engel element, there exists n ≥ 1 such that [x i , n g] = 1 for any i ∈ {1, . . . , m}. Let Lemma 3.4. Let G be a finitely generated residually finite-nilpotent group. For p a prime, denote by R p the intersection of all normal subgroups of G of finite p-power index. If G/R p is nilpotent for all p, then G is nilpotent.
Recall that, given a residually finite group G satisfying an identity, Theorem A states that the set of right Engel elements of G is contained in the Hirsch-Plotkin radical of G.
Proof of Theorem A. Let H be the subgroup generated by all right Engel elements of G. The claim will follow immediately once it is shown that H is contained in the Hirsch-Plotkin radical of G.
Clearly H is normal in G. So it is enough to prove that H is locally nilpotent. Take a finitely generated subgroup K of H. We may assume that K is generated by finitely many right Engel elements. Since finite groups generated by right Engel elements are nilpotent (see [8, 12.3.7] ), K is residually finite-nilpotent. Then, by Lemma 3.4, we may also assume that K is a residually-p group for some prime p. Denote by L p (K) the Lie algebra associated with the Zassenhaus-Jennings-Lazard series of K. Now K satisfies the same identity as G. Hence, by Theorem 2.3, L p (K) satisfies a polynomial identity. Thus K is nilpotent by Proposition 3.3, and H is locally nilpotent.
A group G is called locally graded if every non-trivial finitely generated subgroup of G has a proper subgroup of finite index. Examples of locally graded groups are residually finite groups as well as locally (soluble-by-finite) groups. In [6] it was shown that any locally graded n-Engel group is locally nilpotent. Similarly, one can extend the final part of Theorem A to the class of locally graded groups.
Corollary 3.5. Let G be a locally graded Engel group satisfying an identity. Then G is locally nilpotent.
Proof. We may assume that G is finitely generated. Let R be the finite residual of G. If R = 1 then G is residually finite and we are done, by Theorem A. Suppose R = 1. Of course every section of G satisfies the same identity as G. Then G/R is a residually finite group satisfying an identity and therefore nilpotent, by Theorem A. It follows that, for some d ≥ 1, the d-th term G (d) of the derived series of G is a subgroup of R. On the other hand, G/G (d) is nilpotent, because it is a soluble group generated by Engel elements [8, 12.3.3] . Thus, R/G (d) is a subgroup of the finitely generated nilpotent group G/G (d) , so that R/G (d) is also finitely generated. Furthermore, by [2, Corollary 5] , G (d) is finitely generated and so R is also finitely generated. Since G is locally graded, there exists a proper subgroup of R with finite index. This implies that the finite residual S of R is a proper subgroup of R. By Theorem A, the residually finite group R/S is nilpotent and then G/S is soluble. As above, we conclude that G/S is a finitely generated nilpotent group. Hence G/S is residually finite, which gives R = S: a contradiction.
Proof of Theorem B
Let n ≥ 1 and let w = w(x 1 , . . . , x d ) be an arbitrary word. We denote by W the class of all groups G in which the w-values are right n-Engel and the verbal subgroup w(G) is locally nilpotent.
Theorem B claims that W is a variety. This will be proved applying the following lemma.
Lemma 4.1. There exists a number l = l(m, n, w) depending only on m, n, w such that if G ∈ W is a nilpotent group generated by m elements which are right n-Engel, then the nilpotency class of G is at most l.
Proof. Suppose that the result is false. Then there exists an infinite sequence (G i ) i≥1 of nilpotent groups satisfying the hypotheses of the lemma such that the nilpotency class of G i tends to infinity as i tends to infinity. In particular, each G i is generated by m elements x i1 , . . . , x im (not necessarily pairwise distinct) which are right n-Engel. Let C be the Cartesian product of the groups G i . For any i ≥ 1 and 1 ≤ j ≤ m, let y j be the element of C whose i-th component is equal to x ij . Of course each y j is a right n-Engel element in C. Put H = y 1 , . . . , y m . It is easy to verify that H is residually nilpotent and so residually finite, being finitely generated. Moreover, H satisfies the identity [w(x 1 , . . . , x d ), n y] ≡ 1. It follows from Theorem A that H is nilpotent, say of class c. Since each G i is a homomorphic image of H, all the subgroups G i are nilpotent of class at most c, which is a contradiction.
Proof of Theorem B. The class W is obviously closed with respect to taking subgroups and quotients of its members. Hence, by Birkhoff's theorem (see [8, 2.3.5] ), it is enough to show that if G is a Cartesian product of groups G i from W, then G ∈ W. Notice that the w-values are right n-Engel in G. So it remains to prove that the verbal subgroup w(G) is locally nilpotent.
Let H be a finitely generated subgroup of w(G). Then there exist finitely many w-values w 1 , . . . , w m such that H ≤ w 1 , . . . , w m . Assuming K = w 1 , . . . , w m , let π i be the projection from K to w(G i ). By Lemma 4.1 there exists a constant l such that the nilpotency class of π i (K) is at most l for any i. Since the intersection of the kernels of π i is trivial, K is nilpotent of class at most l. Thus H is nilpotent and w(G) is locally nilpotent.
